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Abstract
We present a geometric formulation of (p, q)-strings in which the Sl(2;Z)-doublet of the
two-form gauge potentials is constructed as second order in the supersymmetric currents. The
currents are constructed using a supergroup manifold corresponding to the (p, q)-string superal-
gebra, which contains fermionic generators in addition to the supercharges and transforms under
the Sl(2;Z). The properties of the superalgebra and the generalizations to higher p-branes are
discussed.
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1 Introduction
It is now widely appreciated that the IIB superstring theory enjoys Sl(2;Z)-symmetry non-
perturbatively. (p, q)-strings [1] has been studied [2, 3, 4] as a formulation in which the Sl(2;Z)-
symmetry is manifest. On the other hand, a manifestly supersymmetric formulation of the
Green-Schwarz superstring, based on a superalgebra which was obtained as the global limit [5]
of a superalgebra found by Siegel [6], was given by Siegel [7]. The superalgebra is a generalization
of super Poincare´ algebra, and contains a new fermionic generator. Constructing a suitable set
of supercurrents on the corresponding supergroup manifold, he wrote down the Wess-Zumino
term of the Green-Schwarz superstring in a second-order expression of the supercurrents. Using
this formulation, p-branes (p > 1), found in the brane scan [8], were formulated by Bergshoeff
and Sezgin [9]. Introducing a set of superalgebras, they wrote the Wess-Zumino terms for
the p-branes, which are (p + 1)-th order in the supercurrents. These p-brane (p ≥ 1) minimal
superalgebras were further investigated in [10]. Following the same line, non-minimal IIA strings
and IIB F- and D-strings were formulated in [11], using the IIA superalgebra and the F- and
D-string superalgebra, respectively.
In this paper, we consider (p, q)-strings using this formulation. It is known [11] that the
pullback to the F(D)-string worldsheet of the NS⊗NS(R⊗R) gauge potential can be obtained
from the F(D)-string superalgebra. In order to construct (p, q)-strings, we need the pullback to
the same worldsheet of the NS⊗NS and the R⊗R gauge potentials. We obtain the pullback to
the F-string worldsheet of the R⊗R gauge potential (or, the pullback to the D-string worldsheet
of the NS⊗NS gauge potential), in sec.3, in the following two ways: First, we consider a map
which transforms the D-string superalgebra to the F-string superalgebra. Using this map, we
obtain the pullback to the F-string worldsheet of the R⊗R gauge potential explicitly. Second,
we construct the pullback to the F-string worldsheet of the R⊗R gauge potential, starting
from a superalgebra which is obtained by interchanging fermionic generators, Σα and Σ˜α, in
the D-string superalgebra. This is a nontrivial feature of our formulation which was suggested
in [11]: Interchanging fermionic generators results in interchanging the F- and the D-string
worldsheets (or, exchanging the R⊗R two-form gauge potential for the NS⊗NS one), In order
to confirm this feature, we show that the pullback to the F-string worldsheet of the R⊗R gauge
potential can be obtained from a superalgebra which is obtained by interchanging fermionic
generators in the F-string superalgebra. After a quick review of the explicit construction of the
Sl(2;Z)-doublet of two-form gauge potentials in terms of bR and bNS , we present the (p, q)-
string superalgebra, and show that the Sl(2;Z)-doublet of two-form gauge potentials can be
constructed by using the superalgebra, in sec. 4. It is observed that at a special point on the
Sl(2;Z)-orbit, χ = φ = 0, the (p, q)-string superalgebra reduces to the IIB superalgebra which
is T-dual to the IIA superalgebra in presence of F-string, D0- and D2-branes. The last section
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is devoted to a summary and discussions of generalizations to the D3-brane, the (p, q) 5-brane
and the KK5-brane.
2 F- and D-strings
We first review the formulation of IIB F- and D-strings following [11]. The F-string su-
peralgebra is generated by supertranslations and F-string charges TA = {QA, ZA}, where
QA = (Pa, Qα, Q˜α) and Z
A = (Za, Zα, Z˜α), as
{QαI , QβJ} = (γa ⊗ IIJ)αβPa − (γa ⊗ σ3IJ)αβZa,
[Pa, QβI ] = −2(γa ⊗ σ3IJ)αβZαJ , (2.1)
[Za, QβI ] = 2(γ
a ⊗ IIJ)αβZαJ ,
where we employed a compact notation, QαI =


Q˜α
Qα

, e.t.c. The indices I and J are frequently
omitted below. The left-invariant supergroup vielbeins LM
A and the pullback one-form LA are
obtained by the left-invariant Maurer-Cartan one-form,
U−1dU = dZMLM
ATA = L
ATA, (2.2)
where ZM are coordinates on the supergroupmanifold, and U is a supergroup element. Parametriz-
ing the supergroup manifold by
U = ezaZ
a
eζ˜αZ˜
α
eζαZ
α
ex
aPaeθ˜
αQ˜αeθ
αQα, (2.3)
the pullback left-invariant vielbeins of the supergroup manifold, LA, were obtained in terms
of coordinates on the supergroup manifold. Similarly, the right-invariant supergroup vielbeins
RM
A are obtained by the right-invariant Maurer-Cartan one-form,
dUU−1 = dZMRM
ATA. (2.4)
The rigid supersymmetry transformations are interpreted as being the part of an infinitesimal
transformation, δZM = ǫARA
M , characterized by ǫα, where RA
M is the inverse of RM
A. The
pullback left-invariant vielbeins, LA, are invariant under the supersymmetry transformation, by
definition.
The pullback to the F-string worldsheet of the NS⊗NS two-form gauge potential was defined
as a second-order expression in supercurrents,
BNS =
1
2
(
La ∧ La + 1
4
Lα ∧ Lα + 1
4
L˜α ∧ L˜α
)
. (2.5)
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This is identical, up to total derivative terms, to the conventional Wess-Zumino term,
bNS =
1
2
[
dxa ∧
(
(θ¯γadθ)− (¯˜θγadθ˜)
)
+
1
2
(
¯˜
θγadθ˜) ∧ (θ¯γadθ)
]
. (2.6)
We use the capital letter B as the supersymmetric form of the Wess-Zumino term b to avoid
confusion.
In turn, the D-string superalgebra is generated by supertranslations and D-string charges
TA = {QA,ΣA}, where ΣA = (Σa,Σα, Σ˜α), as
{Qα, Qβ} = (γa ⊗ I)αβPa + (γa ⊗ σ1)αβΣa,
[Pa, Qβ ] = 2(γa ⊗ I)αβΣα, (2.7)
[Σa, Qβ ] = 2(γ
a ⊗ σ1)αβΣα.
Parametrizing the supergroup manifold by
U = eyaΣ
a
eφ˜αΣ˜
α
eφαΣ
α
ex
aPaeθ˜
αQ˜αeθ
αQα , (2.8)
the pullback vielbeins of the left-invariant supergroup were obtained. As before, these are
superinvariant. The pullback to the D-string worldsheet of the R⊗R two-form gauge potential
was written down, in terms of supercurrents, as
BR = −1
4
(
Lα ∧ Lˆα − L˜α ∧ ˆ˜Lα
)
, (2.9)
where a caret on L represents a left-invariant pullback vielbein corresponding to D-string gen-
erators ΣA. This was found to be the well-known Wess-Zumino term for D-strings, up to total
derivative terms,
bR =
1
2
[
dxa ∧
(
(θ¯γadθ)− (¯˜θγadθ˜)
)
+
1
2
(¯˜θγadθ˜) ∧ (θ¯γadθ)
]
, (2.10)
which is identical to the right hand side (R.H.S.) of (2.6).
3 The NS⊗NS and The R⊗R Gauge Potentials on The World-
sheet
In order to describe (p, q)-strings, we need the pullback to the same worldsheet of the NS⊗NS
and the R⊗R two-form gauge potentials, bNS and bR. In this section, we obtain the pullback to
the F-string worldsheet of the R⊗R two-form gauge potential (or, the pullback to the D-string
worldsheet of the NS⊗NS gauge potential) in the following two ways: First, we consider a map
which transforms the D-string superalgebra to the F-string superalgebra. Second, we modify
the D-string superalgebra, and show that the two-form potential can be constructed by the
supercurrents on the corresponding supermanifold.
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We denote the pullback to the D-string worldsheet of the R⊗R gauge potential as ‘bR on
the D-string worldsheet WD’ and the pullback to the F-string worldsheet of the R⊗R gauge
potential as ‘bR on the F-string worldsheet WF ’, for simplicity.
3.1 Mapping The D-string Superalgebra to The F-string Superalgebra
Let us consider a map which transforms the D-string superalgebra to the F-string superalgebra.
The dual map transforms the bR on the D-string supergroup manifold MD to a two-form on
the F-string supergroup manifold MF . We regard the pullback of the obtained two-form as
the two-form on the F-string worldsheet, since we have regarded the pullback of the bR on the
D-string supergroup manifold as the bR on the D-string worldsheet in the previous section. In
this sense, the obtained two-form can be regarded as the bR on the F-string worldsheet WF .
There is another point of view, which regards the two-form on the F-string supergroup manifold
as bNS . The pullback map thus transforms bR to bNS on the D-string worldsheet WD. Here, we
adopt the former viewpoint below.
The map is summarized as
bR on WD WD →֒ MD ↔ TA = {QA,ΣA}
↓∗ ↑ ↑ ↓
bR on WF WF →֒ MF ↔ T ′A = {QA′, ZA′},
(3.1)
where MD ∋ (xa, θα, θ˜α, ya, φα, φ˜α) and MF ∋ (xa, θα, θ˜α, za, ζα, ζ˜α) are the D-string and F-
string supergroup manifolds, respectively. The ∗ means the pullback. From the above diagram,
one finds that a map: bR on WD ∗−→ bR on WF , is induced by a map: TA → TA′. Thus, we first
consider the map which transforms the generators of D-string superalgebra to those of F-string
superalgebra. We find that the D-string superalgebra is mapped to the F-string superalgebra
by
Pa
′ = Pa, Qα
′ =
ǫ√
2
(Q+ Q˜), Q˜α
′ =
ǫ√
2
(−Q+ Q˜),
Za′ = Σa, Zα′ =
ǫ√
2
(Σα + Σ˜α), Z˜α′ =
ǫ√
2
(Σα − Σ˜α), (3.2)
where ǫ2 = 1. This is a part of the SO(2) R-symmetry. We next consider a map, which
transforms spacetime coordinates onMF to those onMD. The corresponding map of spacetime
coordinates, associated with the above map of generators, is defined by
eza
′Za′eζ˜
′
αZ˜
α′
eζα
′Zα′ex
a′Pa′eθ˜
α′Q˜′αeθ
α′Qα′ = eyaΣ
a
eφ˜αΣ˜
α
eφαΣ
α
ex
aPaeθ˜
αQ˜αeθ
αQα . (3.3)
After some algebra, we obtain the following transformations:
xa = xa′, θ =
ǫ√
2
(θ′ − θ˜′), θ˜ = ǫ√
2
(θ′ + θ˜′), ya = za
′ +
1
2
(¯˜θ
′
γaθ
′), (3.4)
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where expressions for φα and φ˜α are omitted. Performing the above transformations on bR on
WD, (2.10), we obtain bR on WF (or, bNS on WD) as (dropping primes)
bR = −1
2
[
dxa ∧
(
(θ¯γadθ˜) + (
¯˜θγadθ)
)
+
1
4
(
(θ¯γadθ) + (¯˜θγadθ˜)
)
∧
(
(¯˜θγadθ) + (θ¯γadθ˜)
)]
. (3.5)
We now write two-form bR on WF in a manifestly supersymmetric form. To do this, we
note that the left-invariant Maurer-Cartan one-form of the F-string and D-string superalgebra
satisfies
LATA = L
A′TA
′, (3.6)
because of (3.3). This implies the following relations:
La = La′, Lα =
ǫ√
2
(Lα′ − L˜α′), L˜α = ǫ√
2
(Lα′ + L˜α′),
Lˆa = La
′, Lˆα =
ǫ√
2
(Lα
′ + L˜α′), ˆ˜Lα =
ǫ√
2
(Lα
′ − L˜α′), (3.7)
where a caret represents left-invariant vielbeins corresponding to D-string charges. Using the
above relations in the supersymmetric form Bˆ, (2.9), of bR onWD, we obtain the supersymmetric
form of bR on WF as
BR =
1
4
(Lα′ ∧ L˜α′ − L˜α′ ∧ Lα′). (3.8)
This is found to be identical to (3.5), up to total derivative terms, as expected. In this way, we
have constructed bR on WF explicitly. Similarly, bNS on WD is constructed from bNS on WF ,
in the same manner. The obtained expression for bNS on WD is identical to the R.H.S of (3.5).
3.2 Interchanging Fermionic Generators
We have obtained bR on WF by a map which relates the D-string superalgebra to the F-string
superalgebra. Here, we consider another course to construct bR on WF . It was suggested [11]
that a superalgebra, which is obtained by interchanging Σα and Σ˜α in the D-string superalge-
bra, describes bNS on WD (or, equivalently bR on WF ). In fact, using a superalgebra which
is obtained by interchanging fermionic generators, Σα and Σ˜α, in the D-string superalgebra,
we can construct BNS on WD (or, BR on WF ), which is identical to the R.H.S. of (3.5) up
to total derivative terms.1 This implies that interchanging fermionic generators, Σα and Σ˜α,
corresponds to exchanging the R⊗R gauge potential for the NS⊗NS one (or exchanging the
1 This turns out to be identical to the two-form found in [11]. In fact, using a Fierz identity
(θ¯γadθ) ∧ (
¯˜
θγadθ) =
1
3
(θ¯γadθ) ∧ (θ¯γadθ˜)−
1
3
d
(
(θ¯γadθ)(
¯˜
θγaθ)
)
,
the last term in (3.5) is rewritten, up to total derivative terms, as, 1
3
(θ¯γadθ) ∧ (θ¯γadθ˜) +
1
3
(¯˜θγadθ˜) ∧ (¯˜θγadθ).
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D-string worldsheet for the F-string worldsheet). In this way, we find that the pullback of the
R⊗R and the NS⊗NS gauge potentials to the same worldsheet can be described by the F-string
superalgebra and a superalgebra which is obtained by interchanging Σα and Σ˜α in the D-string
superalgebra.
In order to confirm further the non-trivial feature: interchanging fermionic generators results
in exchanging the NS⊗NS two-form for the R⊗R one (or, interchanging the F- and the D-string
worldsheet), we show that by starting with a superalgebra, which is obtained by interchanging
fermionic generators, Zα and Z˜α, in the F-string superalgebra (2.1), bR on WF (or bNS on WD)
can be constructed. The corresponding left-invariant pullback vielbeins are obtained as
Lα = dθα, L˜α = dθ˜α, La = dxa +
1
2
(θ¯γadθ) +
1
2
(
¯˜
θγadθ˜), (3.9)
La = dza +
1
2
(θ¯γadθ)− 1
2
(¯˜θγadθ˜), (3.10)
L˜α = dζα + 2dza(θ¯γ
a)α + 2dx
a(θ¯γa)α +
2
3
(θ¯γadθ)(θ¯γa)α, (3.11)
Lα = dζ˜α + 2dza(
¯˜θγa)α − 2dxa(¯˜θγa)α − 2
3
(¯˜θγadθ˜)(¯˜θγa)α. (3.12)
We find that the second-order expression,
− 1
4
(Lα ∧ Lα − L˜α ∧ L˜α), (3.13)
is a supersymmetric form of bR on WF , (3.5), as expected. In this way, we have seen that the
interchanging Zα and Z˜α results in exchanging the R⊗R gauge potential for the NS⊗NS one
(or exchanging the D-string worldsheet for the F-string worldsheet).
4 The (p, q)-String Superalgebra
In the previous section, we find that the superalgebra,
{Qα, Qβ} = (γa ⊗ I)αβPa + (γa ⊗ σ1)αβΣa − (γa ⊗ σ3)αβZa, (4.1)
[Pa, Qβ] = 2(γa ⊗ σ1)αβΣα − 2(γa ⊗ σ3)αβZα, (4.2)
[Za, Qβ] = 2(γ
a ⊗ I)αβZα, (4.3)
[Σa, Qβ] = 2(γ
a ⊗ I)αβΣα, (4.4)
describes the pullback to the worldsheet of the R⊗R and the NS⊗NS two-form gauge potentials.
Now that we have obtained the NS⊗NS and the R⊗R gauge potentials on the same worldsheet,
we consider the (p, q)-string superalgebra which describes the Sl(2, Z)-doublet of the two-form
gauge potentials.
To do this, we first describe the Sl(2;Z)-doublet of the two-form gauge potentials in terms
of bNS and bR on the worldsheet, explicitly. In order to describe the Sl(2;Z)-symmetry,
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we introduce background scalars which belong to the coset Sl(2;Z)/SO(2) or, equivalently,
SU(1, 1)/U(1). The Sl(2;Z) acts from the left and the SO(2) from the right. These scalars
are represented by a complex SU(1, 1) doublet Ur(r = 1, 2). Using these doublet, the SU(1, 1)-
invariant complex scalar density is defined by
ΨI = U1Ψˆ + U2Ψ, (4.5)
where Ψˆ and Ψ form an Sl(2;Z)-doublet. Eliminating an unphysical field by using local U(1)
gauge symmetry, i.e. in the unitary gauge, this is rewritten as2
ΨI = −ieφ/2e−iϑ(Ψˆ − τ¯Ψ), (4.6)
where eiϑ = (τ¯ − i)/|τ + i| and τ = χ + ie−φ. The Ψˆ and Ψ are linear combinations of Φˆ and
Φ with coefficients written in terms of χ and φ, where Φˆ and Φ are the Hodge duals of the
superinvariant modified two-form field strengths Fˆ = dAˆ− bR and F = dA− bNS , respectively.
These coefficients can be determined by requiring that ΨI should not include χ and φ explicitly,
and that Ψˆ and Ψ should be Φˆ and Φ, respectively, when χ and φ are set to vanish. As a result,
one finds that Ψˆ and Ψ are expressed as
Ψˆ = eφ/2ℜ(τeiϑ)Φˆ− eφ/2ℑ(τeiϑ)Φ, (4.7)
Ψ = eφ/2ℜ(eiϑ)Φˆ− eφ/2ℑ(eiϑ)Φ, (4.8)
where ℜ(ρ) and ℑ(ρ) denote the real and imaginary parts of ρ, respectively. The ΨI is invariant
under the left action of Sl(2;Z):
τ → aτ + b
cτ + d
,


a b
c d

 ∈ Sl(2, Z), (4.9)
while keeping Φˆ and Φ invariant. Ψˆ and Ψ form an Sl(2;Z)-doublet up to the right action of
SO(2).
We now consider the (p, q)-string superalgebra which describes the Sl(2;Z)-doublet of the
two-form gauge potentials described above. We first present the (p, q)-string superalgebra and
then show that the Sl(2;Z)-doublet can be constructed from it. The (p, q)-string superalgebra
is generated by TA = (QA, Z
A,ΣA) as
{Qα, Qβ} = (γa ⊗ I)αβPa + (γa ⊗ σ1)αβ(αΣa − γZa) + (γa ⊗ σ3)αβ(βΣa − δZa), (4.10)
2 As in [12], (4.5) is rewritten, in the unitary gauge, as ΨI = f(ΦI−BΦI∗), where ΦI and ΦI∗ are SU(1, 1)-doublet.
The f is defined by f = (1 − BB∗)−1/2, and the B transforms linear fractionally under the finite SU(1, 1)
group action. The B has values restricted to the interior of the unit disc. The B is expressed in terms of τ as
B = (τ¯ + i)/(τ¯ − i), and ΦI is in terms of Ψˆ and Ψ as ΦI = Ψˆ + iΨ.
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[Pa, Qβ] = 2(γa ⊗ σ1)αβ(αΣα − γZα) + 2(γa ⊗ σ3)αβ(βΣα − δZα), (4.11)
[Za, Qβ] = 2(γ
a ⊗ I)αβZα, (4.12)
[Σa, Qβ] = 2(γ
a ⊗ I)αβΣα, (4.13)
where α, β, γ and δ are expressed in terms of χ and φ as


α β
γ δ

 = eφ/2


ℜ(τeiϑ) −ℑ(τeiϑ)
ℜ(eiϑ) −ℑ(eiϑ)

 . (4.14)
Note that our superalgebra contains fermionic charges, Zα and Σα, as well as bosonic charges,
Za and Σa, and these charges transform under the Sl(2;Z). The left-invariant vielbeins on the
corresponding group manifold are calculated as
Lα = dθα, La = dxa − 1
2
(θ¯γa ⊗ Idθ), (4.15)
La = dza − 1
2
(
γ(θ¯γa ⊗ σ1dθ) + δ(θ¯γa ⊗ σ3dθ)
)
, (4.16)
Lˆa = dya +
1
2
(
α(θ¯γa ⊗ σ1dθ) + β(θ¯γa ⊗ σ3dθ)
)
, (4.17)
Lα = 2dza(θ¯γ
a ⊗ I)α + dζα − 2dxa
(
γ(θ¯γa ⊗ σ1)α + δ(θ¯γa ⊗ σ3)α
)
−1
3
(θ¯γa ⊗ Idθ)
(
γ(θ¯γa ⊗ σ1)α + δ(θ¯γa ⊗ σ3)α
)
−1
3
(
γ(θ¯γa ⊗ σ1dθ) + δ(θ¯γa ⊗ σ3dθ)
)
(θ¯γa ⊗ I)α, (4.18)
Lˆα = 2dya(θ¯γ
a ⊗ I)α + dφα + 2dxa
(
α(θ¯γa ⊗ σ1)α + β(θ¯γa ⊗ σ3)α
)
+
1
3
(θ¯γa ⊗ Idθ)
(
α(θ¯γa ⊗ σ1)α + β(θ¯γa ⊗ σ3)α
)
+
1
3
(
α(θ¯γa ⊗ σ1dθ) + β(θ¯γa ⊗ σ3dθ)
)
(θ¯γa ⊗ I)α. (4.19)
Using these supercurrents, we find that the supersymmetric form of the Sl(2;Z)-doublet, Bˆ and
B, are constructed as
Bˆ = −1
2
(La ∧ Lˆa +
1
4
Lα ∧ Lˆα), (4.20)
B =
1
2
(La ∧ La + 1
4
Lα ∧ Lα). (4.21)
In fact, these turn out to be
bˆ = αbR + βbNS , (4.22)
b = γbR + δbNS , (4.23)
up to total derivative terms, where bNS and bR are defined in (2.6) and (3.5), respectively. For
constant dilaton and axion, the Hodge duals of the modified field strengths constructed from
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the above Sl(2;Z)-doublet, bˆ and b, are αΦˆ + βΦ and γΦˆ + δΦ, which are nothing but (4.7)
and (4.8), respectively. We thus regard the superalgebra (4.10)∼(4.13) as the Sl(2;Z)-covariant
(p, q)-string superalgebra. At a special point on the Sl(2;Z)-orbit, χ = φ = 0, this superalgebra
reduces to (4.1)∼(4.4), which is T-dual to the IIA superalgebra in presence of F-string, D0 and
D2-branes [11].
R-symmetry of the superalgebra is realized as the right action of SO(2). In fact, the superal-
gebra is found to be invariant (with a trivial scaling of generators ΣA and ZA) under R-symmetry
transformation: Qα → RQα, Σα → RΣα and Zα → RZα, where R ∈ SO(2), associated with
the right action of SO(2). In the case that χ = φ = 0, the SO(2) gauge transformation causes
a rotation of ΣA and ZA. Thus, interchanging ΣA and ZA is a part of R-symmetry. This is
similar to the case encountered in the map (3.2).
5 Summary and Discussions
We obtained the pullback to the F-string worldsheet of the R⊗R gauge potential bR by con-
sidering a map, which transforms the F-string superalgebra to the D-string superalgebra, or
starting from a superalgebra, which is obtained by interchanging Σα and Σ˜α in the D-string
superalgebra. Considering the Sl(2;Z)-doublet of the two-form gauge potentials explicitly in
terms of the obtained bR and bNS , we presented the Sl(2, Z)-covariant (p, q)-string superalgebra.
It was shown that the Sl(2;Z)-doublet can be constructed by the (p, q)-string superalgebra. The
superalgebra at a special point on the Sl(2;Z)-orbit, χ = φ = 0, reduces to the IIB superal-
gebra [11] which is related by T-duality to the IIA superalgebra describing F-strings, D0- and
D2-branes.
Let us comment on the generalization of our formulation to the D3-brane, the (p, q) 5-
brane and the KK5-brane. The D3-brane superalgebra will be obtained as a T-dual to the
IIA superalgebra in presence of the D2-brane ΣAB and the D4-brane ΣA1···A4 . In addition,
one finds that the algebraic consistency requires the F-string ZA and the D0-brane Σ. The
D3-brane superalgebra is thus generated by generators: not only the supertranslation QA and
the D3-brane ΣABC but also the F-string ZA and the D-string Σ
A. This is consistent with the
fact that the field strength H of the four-form gauge potential C, which naturally couples a
D3-brane, is expressed as H = dC + ℑ(C ∧ H¯), where C represents the SU(1,1)-invariant two-
form gauge potential and H the field strength. We anticipate that the supersymmetric form
of the four-form gauge potential C can be constructed by using the D3-brane superalgebra. It
is a general feature of our superalgebras that the p-brane superalgebra contains the p′-brane
superalgebra (p′ < p ≤ 5) as a subalgebra. Since the superalgebra, which is T-dual to the
IIA superalgebra in presence of the F-string, the D0- and the D2-brane, naturally describes the
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pullback to the same worldsheet of the NS⊗NS and the R⊗R gauge potentials, the D3-brane
superalgebra may describe the D3-brane on which the (p, q)-string sticks. If this is the case, it
is interesting to study the effects of interchanging fermionic generators of the D3-brane charges
as well as the (p, q)-string charges, and to examine how the intersecting branes can be described
in our formulation.
In turn, the (p, q) 5-brane superalgebra is generated by generators: the D5-brane and the NS
5-brane in addition to those of the D3-brane superalgebra. The 126 bosonic D5-brane charges
Σm1···m5 , mi = 1, · · · , 9, are related by a T-duality to the 70 D4-brane charges Σp1···p4 and the
56 D6-brane charges Σ0p1···p3 as Σ♯p1···p4 = Σp1···p4 and Σp1···p5 ∼ Σ0p1···p3 , respectively, where
“∼” denotes the equivalence modulo the self-duality relation and pi runs from 1 to 9 except
for ♯. Thus, the D5-brane charges are naturally expressed in terms of the charges Σi1···i4 in the
IIA superalgebra, or equivalently Z♮i1···i4 in the M-algebra, where ♮ denotes the 11-th direction.
Similarly, the 126 IIB NS5(KK5)-brane charges Zm1···m5B (Z
0m1···m4
B ) are related by a T-duality to
the 70 IIA NS5(KK5)-brane charges Z♯p1···p4 (Z0p1···p4) and the 56 IIA KK5(NS5)-brane charges
Z♯0p1···p3 (Zp1···p5) as Z♯p1···p4B = Z
♯p1···p4 (Z0p1···p4B = Z
0p1···p4) and Zp1···p5B ∼ Z♯0p1···p3(Z0♯p1···p3B ∼
Zp1···p5), respectively. It follows that the IIB NS5(KK5)-brane charges are expressed in terms
of the charges Z♯i1···i4 (Zi1···i5) in the IIA superalgebra and the M-algebra. But it is not clear
how the charges with spinorial indices are related to the IIA superalgebra. The D5- and NS5-
brane charges with spinorial indices, except for those with five spinorial indices, are expected
to be determined by the charges Z♮A1···A4 and Z♯A1···A4) in the M-algebra, respectively. But
the charges with five spinorial indices will not be related to the charges of the M-algebra. If
this is the case, we must add these charges with five fermionic indices in order to construct
the corresponding gauge potentials in the manifestly supersymmetric forms. In the case of the
KK5-brane charges, the situation is more intricate since the T-dual of the corresponding IIA
superalgebra is not rewritten in a covariant form. Thus, the charges constituting the (p, q)5-
brane and KK5-brane superalgebra are not determined in terms of those of the IIA superalgebra
completely, unlike the D3-brane superalgebra. We hope to report on these issues in the near
future [14].
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